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1 Recap
• data collection process (handedness questionnaire, age guessing demonstration)
• statistical graphics

– stem-leaf plot: counting data
– histogram (bin size: shape vs. detail): absolute and relative frequencies
– scatter plot: relationships

• Numerical statistics: mean, error

�íã°ðñ°í äîëîî õîíîãò áèä õ³ì³³ñèéí çóðãèéã õàðààä íàñûã íü òààõ çàìààð °°ðñä°° àíêåò á°ãë°æ
ìýäýýëýë öóãëóóëñàí. Íàñûã òààõ äàñãàëûí ³åýð áèä ìýäýýëýë öóãëóóëàõ ³éë ÿâöûí òàëààð ì°í ýíý
íü °ã°ãäëèéí ä³í øèíæèëãýýíèé ³ð ä³íä õýðõýí í°ë°°ëæ áîëîõ òàëààð ÿðèëöñàí. �ã°ãäëèéí áàãöûã
ä³ðñëýí õàðóóëàõ 3 áîëîìæèéí òàëààð, òóõàéëáàë °ã°ãäëèéã àíãèëæ, òîîëîõ áîëîìæòîé èø-íàâ÷íû
çóðàãëàë áîëîí ãèñòîãðàììûã, õî¼ð °°ð õóâüñàã÷èéí õîîðîíäûí õîëáîî õàìààðëûã âèçóàë÷ëàõ /ä³ðñ-
ëýõ áîëîìæòîé òàðõàëòûí ãðàôèêèéí òàëààð ñóð÷ ìýäñýí. Íàñûã òààìàãëàõ òóðøèëòûí ³åýð òà òààñàí
àëäààíûõàà äóíäàæ óòãûã òîîöîîëñîí á°ã°°ä ³³íèé òóëä òà àëäààíû óòãóóäûí àáñîëþò óòãûã òîäîð-
õîéëîõ õýðýãòýé á°ã°°ä òýãýõã³é áîë äóíäàæ àëäàà íü áîäèò áóñ áàãà áàéõ áàéñàí ãýäãèéã òà á³õýí
ìýäýæ àâñàí áàéãàà.

2 Learning Goals
• Numerical summary statistics: variance, precision, standard deviation, quantiles
• Relation between numerical and graphical summaries
• Probability density functions
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�í°°ä°ð áèä °ã°ãäëèéí öàð õ³ðýý, òàðõàëòûã òîäîðõîéëîõîä àøèãëàäàã øèíý òîîí ñòàòèñòèêèéã ñóäëàõ
áîëíî. Ýäãýýð ñòàòèñòèêóóä íü áèäíèé àëü õýäèéí ìýääýã áîëñîí ñòàòèñòèê ãðàôèêòàé õîëáîæ àâ÷
³çñýíýýð ÿìàð áîëîõûã õàðöãààÿ. Áèä ñóð÷ ìýäñýí á³õ ç³éëýý ìàãàäëàëûí òàðõàëòûí ìàø ÷óõàë
îéëãîëòòîé õýðõýí óÿëäàæ áàéãààã îëæ ìýäýõ ³åä áèäýíä òîõèîëäîæ áóé áýðõøýýëèéí õóâüä óðàãø òîì
³ñðýëòèéã õèéõ áîëíî.�íýí õýðýãòýý ìàãàäëàëûí òàðõàëòóóä íü ñòàòèñòèê òààìàãëàëûí òåñò ã³éöýòãýõ
çàìààð äàëä ýñýõèéã, ýñâýë ñóóðü òàðõàëòûí ñòàòèñòèêèéí çàãâàð÷ëàë õèéõ çàìààð èë òîäîðõîé ýñýõèéã
òîäîðõîéëäîã àëèâàà ñòàòèñòèê ä³í øèíæèëãýýíèé áîäèò ³íäñýí çîðèëãî þì.

3 Handedness Data Analysis

Table 1: Complete collected data set from the handedness inventory

id writing drawing throwing scissors toothbrush knife spoon broom match box calc score right left
1 rr rr rr rr rr rr rr rr rr rr 1 1.0000000 20 0
2 r r r r r r r r r r NA 1.0000000 10 0
3 rr rr r rr rr rr rr rr rr rr NA 1.0000000 19 0
4 rr rr rr rr rr rr rr rr rr rr NA 1.0000000 20 0
5 rr rr rr rr rr rr rr rr rr rr -1 1.0000000 20 0
6 rr rr rr rr lr lr rr rr lr r 0.85 ~ 1 0.6842105 16 3
7 rr rr r rr rr r rr r ll rr 0.8 0.7647059 15 2
8 r r r r r r r r lr r 0.81 0.8181818 10 1
9 rr rr rr rr rr rr rr NA lr rr NA 0.8888889 17 1

10 r r r r r r r r lr r 0.81 0.8181818 10 1
11 r r r r r r r r r r 1 1.0000000 10 0
12 r r lr r lr r r lr lr r NA 0.4285714 10 4
13 lr rr lr rr rr rr r r r r 0.75 0.7500000 14 2

Òà á³õíýýñ öóãëóóëñàí àëü ãàðàà àøèãëàõ õàíäëàãàòàé ýñýõ òàëààðõ àñóóëãûí õóóäàñíóóäààñ ä³í øèí-
æèëãýý õèéõýä àøèãëàæ áîëîõ õ³ñíýãòèéã ôàéë äîòîð ³³ñãýëýý. Òóñ õ³ñíýãò íü ýíä õàðàãäàæ áàéíà.
Ýõíèé áàãàíàòàé çýðýãöýýä òóñ àñóóëãààð àñóóñàí ³éëäë³³äèéí íýðýýð íýðëýñýí áàãàíóóä áàéíà. Ýäãýýð
áàãàíóóäûí óòãûã "r" áà "l" ³ñãýýð êîä÷èëñîí áà áàðóóí áà ç³³í ãàðûí áàãàíà òóñ á³ðò á°ãë°æ áè÷ñýí
íýìýõ òýìäýãèéã îðëîæ áàéãàà áîëíî. �rr� ýñâýë �ll� íü äàâõàð íýìýõ òýìäãèéã èëýðõèéëæ áàéãàà áîëíî.
Òýäãýýð áàãàíóóä áàéãàà õýâýýðýý áàéíà. Æèøýýëáýë, ÿìàð ÷ õàðèóëò áàéõã³é áàéãààã �Not available�
ãýñýí ³ãèéí òîâ÷ëîë áîëîõ �NA�-ààð êîäëîñîí áàéãàà . Ñòàòèñòèêèéí ïðîãðàììä èéì êîä÷èëîë íü
óòãà áàéõã³é ãýñýí ³ã þì. Áèä °ã°ãä°ë öóãëóóëàõäàà ³³íèéã °°ð÷ë°õ ýñâýë òàéëáàðëàõûã õ³ñäýãã³é.
Èéìä NA íü àøèãòàé áàéäàã. Æèøýý íü, 9-ð õ³í ø³³ðíèé àñóóëòàíä õàðèóëààã³é áîëîâ÷ òóõàéí õ³í
"lr" íü õî¼ð ãàðàà àëü àëèíûã íü õýðýãëýäãèéã èëýðõèéëæ áàéãàà ãýäãèéã îéëãîæ áàéãàà. Ì°í �calc�
áàãàíàä îðîëöîã÷äûí áè÷ñýí ³ð ä³íã áàéãààãààð íü õàðóóëñàí áàéãàà. Õàðèí "score" ãýñýí áàãàíàä R
ïðîãðàìààð òîîöñîí ³ð ä³íã õàðóóëñàí áàéãàà. Ìàãàäã³é ýíý õ³í õýçýý ÷ äýðñýí ø³³ð õýðýãëýäýãã³é
ýñâýë àñóóëòóóäûã íü îéëãîîã³é áàéæ ìàãàäã³é þì. Ýíý íü èë³³ îëîí óäàà òîõèîëäâîë ìàãàäã³é áèä
àñóóëãûí õóóäñàà äàõèí òàéëáàðëàõ ýñâýë àñóóëòàà ñîëèõ òàëààð áîäîæ áîëîõ þì. Ìýäýýëëèéã áàéãàà
áàéäëààð íü öóãëóóëàõ íü òàíû °ã°ãäëèéí áàãö äàõü àëäààã øàëãàæ, °ã°ãäëèéã õýðõýí öóãëóóëñàí
òàëààðõè ìýäýýëëèéã °ã°õ°ä õýðýãòýé áàéæ áîëîõ þì. Ýíý íü "õ³ì³³ñèéí òàëààðõè õ³ì³³ñýýñ àâñàí
ìýäýýëýë" òóë ýíý íü òàíû øèíæëýõ óõààíû ñàëáàðò õýðýãëýãäýõã³é õàìààã³é ç³éë ãýæ òà áîäîæ ìà-
ãàäã³é þì. Ãýõäýý îëîí òîõèîëäîëä °ã°ãäëèéã ìàøèí áèø õ³í öóãëóóëñààð áàéãàà ãýäãèéã îéëãîõ
õýðýãòýé. �ã°ãä°ëä öóãëóóëñàí õ³í íü í°ë°°ëæ áîëíî. Ýêîëîãèéí æèøýýí äýýð àâ÷ ³çâýë, °°ð ëàáî-
ðàòîðèä õèìèéí øèíæèëãýý õèéëãýõýýð èëãýýñýí èæèë ñîðüö àðàé °°ð ³ð ä³íã ãàðãàæ áîëîõ þì. Ýíý
íü ñîðüöûã öóãëóóëæ ä³í øèíæèëãýý õèéñýí õ³íèé íýðèéã îðóóëààä öààøëààä èë³³ íàðèéâ÷ëàëòàé
ä³í øèíæèëãýý õèéõ áîëîìæèéã òàíä îëãîæ áîëîõ þì. Îäîî á³ãäýýðýý °°ðñäèéí °ã°ãäëèéí áàãöàäàà
ä³í øèíæèëãýý õèéöãýýå: �³íèé ãèñòîãðàììûí õýëáýðèéã òà ÿìàð ãýæ òààìàãëàæ áàéíà âý?.
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Ýíä áèäíèé öóãëóóëñàí °ã°ãäëèéí ãèñòîãðàìì õàðàãäàæ áàéíà. Íýã àëõàì óõàðöãààÿ: Ýíý ãèñòîãðàì-
ìûí ñóóðü ýõ îëîíëîã íü õýä âý?
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Ýíý áîë îäîî áîëîìæòîé á³õ óòãûã áàãòààñàí èæèë ãèñòîãðàììûí äàõèí õýìæñýí õóâèëáàð þì. Do
you notice anything about it? What is your interpretation?

Figure 1: From Gelman and Nolan (2017)
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Ýíä òà èæèë àñóóëãûí õóóäñûã àøèãëàí àâñàí °°ð ò³³âðèéí ãèñòîãðàììûã õàðæ áàéíà. Ò³³âðèéã
ÀÍÓ-ûí ñòàòèñòèêèéí àíãèéí îëîí òîîíû îþóòíóóäààñ àâñàí áîëíî. Ç³³í áóþó ñîëãîé ãàðòàé õ³ì³³ñ
áèäíèé ò³³âýðò áàéõã³é áàéãàà òóë áèäíèé ò³³âýð ³íýõýýð æèæèãõýí ãýäãèéã áèä õàðæ áàéíà. Ç³³í
áóþó ñîëãîé ãàðòàé õ³í íèéòëýã áóñ áàéäàã òóë 0 ñîëãîé ãàðòàé õ³ì³³ñèéã ò³³æ àâàõ áîëîìæ õàìààã³é
°íä°ð áàéäàã áà èéìýýñ æèøýý íü íýã òàëûã áàðüñàí °ð°°ñã°ë äóíäàæ óòãûã áàðüæ àâäàã. Ãýñýí õýäèé
÷ ìàíàé ãèñòîãðàììûí õýëáýð íü ÀÍÓ-ûí ò³³âðèéí õýëáýðòýé ò°ñòýé áîëîõûã àíõààðíà óó. ÀÍÓ-ààñ
àâñàí ò³³âýð äýýð 40 áàðóóí ãàðòàé õ³íä îéðîëöîîãîîð 1 ñîëãîé ãàðòàé õ³í íîãäîæ áàéíà. Áèäíèé
ò³³âðèéí õýìæýý 13 òóë ñîëãîé ãàðòàé õ³ì³³ñ îãò áàéõã³é áàéãàà íü ãàéõàõ ç³éë áèø þì.

mean = 0.86
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Ãèñòîãðàììûí °°ð íýã àøèãòàé òàë íü äóíäàæ óòãûã îéðîëöîîãîîð òîîöîîëîõîä õÿëáàð áàéäàã. Áè
°ã°ãäëèéí áàãöûí íàðèéí ÿã ç°â äóíäàæ óòãûã òîîöîîëæ, òàñàðõàé øóãàìààð òýìäýãëýñýí áàéãàà. Ãèñ-
òîãðàììûí äóíäàæûã îéðîëöîîãîîð ãàðãàõûí òóëä æèíëýñýí äóíäàæ óòãûã òîîöîîëæ áîëíî. �³íèé
òóëä áààð òóñ á³ðèéí °íäðèéã áààð òóñ á³ðèéí ãîëä áàéðëàõ îíîîíû öýãýýð ³ðæ³³ëíý. �°ð°°ð õýëáýë
õ³íèé òîîã àëäààíû òîîãîîð ³ðæ³³ëíý. Ýíý òîõèîëäîëä 6 Ö 1.0 + 1 Ö 0.9 + 3 Ö 0.8 + 2 Ö 0.7 + 1 Ö
0.4 = 0.8538462 áîëíî.
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mean = 0.86
median = 0.89
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Öýíõýð çóðààñ ãîë÷ûã õàðóóëæ áàéíà. Ãîë÷ íü åðä°° ë ýðýìáýëýãäñýí îíîîíû äàðààëëûí ò°â óòãà þì
Èõýâ÷ëýí ãèñòîãðàì íü õàçàéñàí õýëáýðòýé áàéâàë ãîë÷ íü äóíäàæ óòãààñ èõ ýñâýë áàãà áàéäàã. Ýíý
òîõèîëäîëä °ã°ãäëèéí áàãöûã 1-èéí óòãààð áàðóóí òèéø íü õÿçãààðëàõ á°ã°°ä ýíý íü èæèë í°ë°°ã
³³ñãýæ áàéíà.
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4 Reported Weights
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Îäîî øèíý °ã°ãäëèéí áàãöûã àâ÷ ³çüå. Ýíä òà àìààð ìýäýýëñýí áèåèéí æèíãèéí ãèñòîãðàììûã õàðæ
áàéíà. �°ð°°ð õýëáýë êîëëåæèéí îþóòíóóäààñ ñàíàìñàðã³é ò³³âðýýð òýäíèé áèåèéí æèíã àñóóñàí
áîëíî. Ýíýõ³³ °ã°ãäëèéí áàãöûã òà °°ðèéí ³ãýýð õýðõýí òîäîðõîéëîõ âý? Òà ÿìàð îíöëîã øèíæ
÷àíàðûã àíçààð÷ áàéíà âý? Òà òýäãýýðèéã õýðõýí òàéëáàðëàæ áàéíà âý? Òàíä ÿìàð àñóóëò áàéíà âý?
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Ýíä áè äàõèàä äóíäàæ óòãûã ä³ðñëýñýí áàéãàà. Ýíý íü 150 áà 155 ãýñýí õàìãèéí èõ äàâòàìæòàé óòãàä
áàéðëàõã³é áàéãààã àæèãëàíà óó. Ýíý íü þó ãýñýí ³ã âý? Ýíý ãèñòîãðàì íü ìàø èõ õîîñîí çàéòàé áàéãàà
á°ã°°ä õ³ì³³ñ æèíãýý 5 ôóíòûí øàòëàëààð õýëýõ õàíäëàãàòàé áàéäàã ãýäãèéã áàñ àíõààðààðàé.
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Ýíýõ³³ ãèñòîãðàì íü 2 ìîîäòîé áîëîõûã àíõààðíà óó. Ìîîäóóä íü local maxima þì. Ýíý íü þó ãýñýí
³ã âý?
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Ýíý ìýäýýëëèéí áàãöàä õî¼ð á³ëýã õ³ì³³ñ äàâàìãàéëæ áàéãàà íü õàðàãäàæ áàéíà: Òà ÿìàð õ³ì³³ñ
ãýäãèéã òààìàãëàæ áàéíà óó? Ñîíèðõîëòîé íü ýäãýýð 2 á³ëãèéí õîîðîíä °°ð ÿëãàà áèé. Õî¼ð á³ëãèéí
áààðíû õîîðîíäîõ çàé íü °°ð °°ð áàéãààã àíõààðíà óó. Ýíý íü 110-180 ôóíò æèíãèéí õîîðîíä õàìãèéí
òîä èëýð÷ áàéíà. Õî¼ð °°ð á³ëýã íü ³íýíäýý ýìýãòýé, ýðýãòýé õ³ì³³ñ þì. Ýìýãòýé÷³³ä ýðýãòýé÷³³äýýñ
äóíäæààð õ°íã°í áàéäàã á°ã°°ä æèíãèéíõýý òàëààð èë³³ íàðèéâ÷ëàëòàé ýñâýë èë³³ èõ ìýääýã áîëîõûã
íü áààðíû ÿíç á³ðèéí çàéíóóäààñ õàðæ áîëæ áàéíà.

##
## The decimal point is 1 digit(s) to the right of the |
##
## 9 | 5
## 10 | 288
## 11 | 0022556688
## 12 | 0001355555
## 13 | 0000013555688
## 14 | 00002555558
## 15 | 0000000000355555555557
## 16 | 000045
## 17 | 000055
## 18 | 0005
## 19 | 00005
## 20 |
## 21 | 5

Ýíýõ³³ °ã°ãäëèéí áàãöûí èø-íàâ÷íû çóðãèéã õàðàõàä ñ³³ëèéí ñàíàà äýìæèãäýæ áàéíà. Îëîí òýã,
òàâûí òîîíóóä íü èë³³ áàãà áèåèéí æèíä õýðõýí áàãà äàâàìãàéëæ áàéãààã àíçààðààðàé. Òèéìýýñ ñà-
íààðàé: Õýðýâ áèä ñàéí õàðàõ þì áîë ãèñòîãðàì íü ìàø èõ ìýäýýëýë °ã°õ áîëîìæòîé. Ñòàòèñòèê
ãðàôèê äýýð õàðæ áàéãàà ç³éëäýý ø³³ìæëýëòýé õàíäàõûã õè÷ýý. Èõýíõ òîõèîëäîëä á³õ ç³éëñ õà-
ðàãäàæ áàéãàà øèãýý ýíãèéí áàéäàãã³é. Äàõèàä ýíý òîõèîëäîëä °ã°ãä°ë öóãëóóëàõ íü ³ð ä³íä ÷óõàë
³³ðýã ã³éöýòãýæ áàéíà.Ó÷èð íü áèä æèíã íü áîäèòîîð õýìæèõèéí îðîíä õ³ì³³ñýýñ àñóóæ öóãëóóëñàí
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°ã°ãäëèéã õàðæ áàéíà.

5 Probability Mass/ Density Functions
• Continuous random variables can take any value with arbitrary precision (e.g. weight in kg)
• The probability of getting a very precise and specific value is very small
• Why? Because the interval for this value would be very small/ close to zero
• In the limit of infinitely small intervalls, the probability becomes zero
• This means the area under a point is zero, however, this doesn’t mean that the point has zero value
• The distribution of continuous variables is therefore described by probability density functions

Áèäíèé ñ³³ë÷èéí æèøýýí³³äýä òàñðàëòã³é õóâüñàã÷èéí °ã°ãä°ë áàãòñàí áîëíî. Òàñðàëòã³é õóâüñàã÷-
äûí õóâüä áèä ìàãàäëàëûí íÿãòûí ôóíêöèéã îäîî òàíèëöóóëàõ áîëíî. Ýõëýýä ³³íèéã ýíãèéíýýð
òàéëáàðëàæ , äàðàà íü ìàòåìàòèêèéí òîäîðõîéëîëòûã íü °ã°õ áîëíî. Òàñðàëòã³é õóâüñàã÷ íü áîäèò
òîîíû óòãûã àâäàã òóë íàðèéâ÷ëàëààð õÿçãààðëàãäàõã³é. Äýýðõ àìààð ìýäýýëñýí æèíãèéí æèøýýíä
áèä 5-í àëõàìààð á³õýë òîîíä öóâàðñàí óòãóóäûã àâ÷ ³çñýí. Ãýñýí õýäèé ÷ æèí íü °°ð°° òàñðàëòã³é
õóâüñàã÷ á°ã°°ä õ³íèé áîäèò æèíã çàð÷ìûí õóâüä õÿçãààðã³é íàðèéâ÷ëàëòàé õýìæèæ áîëîõ þì, æ.íü.
60.345215675 êã. Õýðýâ áèä õ³ì³³ñýýñ õýò íàðèéí õýìæýýñýýð õýìæñýí áîäèò æèíãèéí ìàø òîì äýýæ
öóãëóóëàõ áîëîìæòîé áàéñàí áîë áèä ìàø íàðèéí èíòåðâàë á³õèé ãèñòîãðàì ³³ñãýæ áîëîõ á°ã°°ä èí-
ãýñýí òîõèîëäîëä èíòåðâàë á³ðò íü ãèñòîãðàìûã õýëáýðæ³³ëýõ õàíãàëòòàé °ã°ãäëèéí öýã³³ä áàéñààð
ë áàéõ áàéñàí. Õýðýâ áèä ³³íèéã õÿçãààðã³é íàðèéâ÷ëàë áîëîí ò³³âðèéí õýìæýý õÿçãààðã³é ãýæ ³ç-
âýë õÿçãààðã³é æèæèã èíòåðâàëòàé áàéæ áîëîõ þì. Õýòýðõèé îëîí èíòåðâàë á³õèé ãèñòîãðàììûí
õýëáýð íü áààð øèã øàòëàëûí îðîíä òàñðàëòã³é øóãàì øèã õàðàãäàíà. Ãýñýí õýäèé ÷ õýðýâ èíòåðâàë
íü õýòýðõèé íàðèéõàí áàéâàë ýíý èíòåðâàëûí óòãà á³õèé ÿìàð ÷ òàñðàëòã³é õóâüñàã÷èéí ìàãàäëàë
íü òýã áîëíî. �³íèéã õÿëáàð÷ëàõ þì áîë: �Äýëõèé äýýð õýí ÷ ÿã 60.34525675 êã æèíòýé áàéäàãã³é.
Ãýñýí õýäèé ÷ æèí íü 60.34 - 60.35 êã õîîðîíä áàéäàã õ³í áàéäàã íü ãàðöààã³é �ãýæ õýëæ áîëíî. Õóâü-
ñàã÷èéí ìàãàäëàëûã îëæ àâàõûí òóëä áèä °ìí°õ øèãýý ýäãýýð óòãóóäûí èíòåðâàëûã òîäîðõîé çààõ
õýðýãòýé. Ýíý ìàãàäëàë íü ýíýõ³³ õÿçãààðã³é æèæèã èíòåðâàë á³õèé "ãèñòîãðàì" -ûí äîîðõ òàëáàé
þì. �³íòýé àäèëààð áèä °ìí° íü áààðíû òàëáàéã õýìæèæ áàéñàí: °íäðèéã õýìæèæ, °ðã°í°°ð íü
³ðæ³³ëñýí. Ãýñýí õýäèé ÷ áààðíû °ðã°í íü á³õ áààðàíä òýíö³³ áàéñàí á°ã°°ä íýãæèéí óòãàòàé °°ð°°ð
õýëáýë e. 1 ãýæ òîäîðõîéëæ áîëíî. Õÿçãààðã³é æèæèã èíòåðâàëòàé, õÿçãààðã³é òîì ò³³âýð á³õèé
ãèñòîãðàìûã áèä ìàãàäëàëûí íÿãòûí òàðõàëò ãýæ íýðëýäýã. Ñàÿ òàéëáàðëàñàí ç³éëèéã èë³³ îíîëûí
³³äíýýñ òàéëáàðëàæ °ãüå.

For discrete variables, the probability of X can be determined by summation over the probability mass

function of x:

P (a ≤ x ≤ b) =
∑

x:a≤x≤b

p (x)

For continuous variables, where intervals are infinitely small, the summation becomes an integral over the
probability density function of x:

P (a ≤ x ≤ b) =
b∫

a

p (x)

Properties of a probability density function (pdf) p (x) are :

p (x) ≥ 0
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∞∫
−∞

p (x) dx = 1

P (x = a) =
a∫

a

p (x) dx = 0

Probabilities are defined over intervalls

P (a ≤ x ≤ a+ δ)

where we define an interval [a, a+ δ] of length δ and let δ ≥ 0 and small, then can approximate the probability
as

P (a ≤ x ≤ a+ δ) ≈ p(a)δ

and isolate p (x) on the right-hand side

p (x) = P (a ≤ x ≤ a+ δ) /δ

p (x) is therefore called probability density: a probability per unit length

xx

p(x)

a a+ δ
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6 Age guessing error
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�íã°ðñ°í äîëîî õîíîãò áèä íàñ òààõ òóðøèëòûã õèéæ, íàñ òààõ àëäààíû òàëààðõ ìýäýýëëèéã öóã-
ëóóëñàí. Ýíý áîë íàñûã òààìàãëàñàí àëäààíû ãèñòîãðàì á°ã°°ä áèä îäîî öààø íü íàðèéâ÷ëàí çàäëàí
øèíæèëæ áîëíî. Õýðýâ òà ñàíàæ áàéãàà áîë òóðøèëò ýõëýõýýñ °ìí° áè �Òà õ³íèé íàñûã òààõäàà õýð
ñàéí áý?� ãýæ àñóóñàí.
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variance: σ2 = 59.02 precision: τ2 =  
1

σ2 = 0.02
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Ýíý ò°ðëèéí àñóóëòàíä õàðèóëòàà èëýðõèéëýõ íýã áîëîìæ áîë äèñïåðñ þì. Äèñïåðñ íü äóíäàæ êâàäðàò
àëäàà ãýæ òîäîðõîéëîãääîã (ñàìáàð äýýð áè÷èõ). Ãèñòîãðàìûí îðîé äýýðõ àëäààíû áààð íü äèñïåðñòýé
òýíö³³ óðòòàé áàéíà. Ò°âä íü áàéãàà öýã íü äóíäàæ óòãà þì. Ýíý òîõèîëäîëä äèñïåðñ íü °ã°ãäëèéí
äàëàéöààñàà èõ áîëîõûã àíõààðíà óó. Ó÷èð íü ýíý íü êâàäðàò äóíäàæ àëäàà þì. Òèéìýýñ ýíý íü
ìýäýýëëèéí òàðõàöòàé áàðàã õàìààã³é þì. Ãýñýí õýäèé ÷ äèñïåðñ íü çàðèì ìàòåìàòèêèéí øèíæ ÷à-
íàðóóäààñ øàëòãààëàí ì°í äèñïåðñèéã îëîí ò°ðëèéí ìàãàäëàëûí òàðõàëòûí ïàðàìåòð áîëãîí áàéíãà
àøèãëàäàã òóë ìàø ÷óõàë ñòàòèñòèê þì. Äèñïåðñèéí óðâóóã íàðèéâ÷ëàë ãýíý. �³íèéã áàñ çàðèìäàà
òàðõàëòûã ä³ðñëýõýä àøèãëàõàä áîäèòîé áàéäàã. Íýðøëýýñ íü àëü õýäèéí ìýäñýí÷ëýí, äèñïåðñ íü áàãà
áàéõàä íàðèéâ÷ëàë íü èõ óòãàòàé áàéäàã áà ýñðýãýýðýý äèñïåðñ íü èõ áàéõàä íàðèéâ÷ëàë íü áàãà óò-
ãàòàé áàéäàã. Íàðèéâ÷ëàë íü ñàíàìñàðã³é õóâüñàã÷èéã õýð íàðèéâ÷ëàëòàéãààð óðüä÷èëàí òààìàãëàæ
áîëîõûã õàðóóëäàã.
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variance: σ2 = 59.02 precision: τ2 =  
1

σ2 = 0.02

standard deviation: σ = 7.68
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Í³äýí áàðèìæààíû õóâüä èë³³ ìýäýýëýã÷ õýìæ³³ð áîë ñòàíäàðò õàçàéëò þì. Ýíý íü äèñïåðñèéí
êâàäðàò ÿçãóóðààð òîäîðõîéëîãäîíî. Ýíý òîõèîëäîëä ñòàíäàðò õàçàéëò íü õàìãèéí îëîí äàâòàìæòàé
³ð ä³íãèéí òàëáàðûã õàìàðäàã á°ã°°ä áèäíèé àíõíû àñóóëòàíä õàðèóëò áîëæ °ã°õ áîëíî: Áèäíèé
òààìàãëàñàí àëäàà íü -2.96-4.72 õîîðîíä õýëáýëçäýã.
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median = 50% quantile = 1
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�ã°ãäëèéí áàãöûã íýãòãýí ä³ãíýõ èë³³ îëîí õóâèëáàð áàéäàã. Áàéðøëûí õýìæ³³ðèéí õóâüä áèä °ã°ãä-
ëèéí óòãûí ýðýìáýëýãäñýí äàðààëëûí ò°â öýã ãýæ òîäîðõîéëñîí median/ãîë÷-ûã òîîöîîëæ áîëíî (æè-
øýýã ñàìáàðò áè÷èõ). Áàéðøëûí õýìæ³³ðèéí õóâüä áèä °ã°ãäëèéí óòãûí ýðýìáýëýãäñýí äàðààëëûí
ò°â öýã ãýæ òîäîðõîéëñîí median/ãîë÷-ûã òîîöîîëæ áîëíî (æèøýýã ñàìáàðò áè÷èõ). Median/Ãîë÷-ûã
çàðèìäàà 50% -èéí êâàíòèë ãýæ íýðëýäýã.
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5% quantile = − 11.05
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Òà ÿíç á³ðèéí êâàíòèëèéã òîîöîîëæ áîëíî, æ.íü. 5% -èéí êâàíòèë, °ã°ãäëèéí 5% íü òýíö³³ ýñâýë
áàãà áàéõ öýãèéã õýëíý. �³íèéã ãðàôèê äýýð öýíõýð áààðààð òýìäýãëýâ.
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25% quantile = 1st quartile = − 4
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Ýñâýë ³³íòýé àäèë °ã°ãäëèéí ä°ð°âíèé íýã íü òýíö³³ ýñâýë áàãà áàéõ öýã áîëîõ 25% êâàíòèë þì. 25%
-èéí êâàíòèë íü îíöãîé ç³éë þì. Ó÷èð íü ³³íèéã 1-ð êâàðòèëü ãýæ íýðëýäýã òóë òà °ã°ãäëèéí 4-íèé
íýã áóþó 1-ð õàãàñèéã ýíý öýãýýñ äîîãóóð áàéíà ãýæ õýëæ áîëíî.
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75% quantile = 3rd quartile = 5.25
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�³íòýé àäèëààð áèä 3-ð êâàðòèëü ãýæ íýðëýãääýã 75% -èéí êâàíòèëèéã òîäîðõîéëæ áîëíî, ó÷èð íü òà
°ã°ãäëèéí ä°ð°âíèé ãóðâûã ýíý öýãýýñ äîîãóóð ãýæ õýëæ áîëíî.
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95% quantile = 13
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�°ð íýã ò³ãýýìýë õýðýãëýãääýã êâàíòèëü áîë 95% -èéí êâàíòèë á°ã°°ä ýíý íü àÿíäàà áàðàã á³õ °ã°ãä-
ëèéã õàìàðäàã. Õýðýâ áèä ïàðàìåòðèéí òàðõàëòûí òàëààð ÿðüæ áàéãàà òîõèîëäîëä òààìàãëàëûí òåñò
ã³éöýòãýõýä àøèãëàæ áîëíî. Æèøýý íü 13 áà ò³³íýýñ äýýø óòãûã àâàõ áîëîìæ íü 5%-èéí à÷ õîëáîãä-
ëûí ò³âøèíä ñòàòèñòèê à÷ õîëáîãäîëòîé ãýæ òîìú¼îëæ áîëíî.
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inter−quartile range = 3rd quartile − 1st quartile
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Êâàíòèëèéã ì°í ò³³í÷ëýí òîäîðõîé ìàãàäëàëûí ìàññûã °ã°ãäñ°í °ã°ãäëèéí òîäîðõîé äàëàéöûã òî-
äîðõîéëîõîä àøèãëàæ áîëíî. �³íèé íýã îíöãîé òîõèîëäîë áîë "êâàðòèë õîîðîíäûí äàëàéö" ãýæ
íýðëýãääýã ç³éë þì. Ýíý áîë ç³ãýýð ë 3-ð êâàíòèëààñ 1-ð êâàðòèëèéã õàññàí óòãà þì. Òèéìýýñ ýíý íü
ãîë÷îîñ ãàäàãø ÷èãëýñýí °ã°ãäëèéí 50%-èéã õàìàðäàã.
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�íã°ðñ°í äîëîî õîíîãò òà á³õíèé íýã íü °ã°ãä°ëèéã "õýâèéí õàðàãäàæ áàéíà" ãýæ õýëæ áàéñàí. Òýãæ
õýëñýíä áàÿðëàëàà. Ýíý ³íýí ýñýõèéã øàëãàõûã ñàíàë áîëãîæ áàéíà. �í°°äðèéí ýíý ñ³³ë÷èéí ãðàôèê
íü êâàíòèë - êâàíòèë ãðàôèê ãýæ íýðëýãääýã ãðàôèêèéã õàðóóëñàí áàéãàà. Òà åðäèéí òàðõàëò ãýõ
ìýò îíîëûí òàðõàëòòàé òîõèð÷ áàéãàà ýñýõèéã øàëãàõûí òóëä ýíý ò°ðëèéí ãðàôèêèéã àøèãëàæ áîëíî.
Ãðàôèêèéã èéì áàéäëààð ³³ñãýñýí áîëíî: Äýýæýýñ áèä òîäîðõîé òîîíû êâàíòèëèéã òîäîðõîéëíî, æ.íü.
1%, 2%, 3% -èàñ 99%-èéí êâàíòèë õ³ðòýë. Áèä ò³³âðèéí äóíäàæòàé òýíö³³ äóíäàæ áîëîí ò³³âðèéí
äèñïåðñòýé òýíö³³ äèñïåðñèéã òîõèðóóëàõ îíîëûí õýâèéí òàðõàëòûí õóâüä èæèë ç³éëèéã õèéæ áîë-
íî. Äàðàà íü áèä öýã òóñ á³ðèéí ò³³âýð áà îíîëûí êâàíòèë òóñ á³ð äýýð òààðóóëæ öýã òóñ á³ðèéí x
á³ðýëäýõ³³í õýñýã íü îíîëûí êâàíòèë, y á³ðýëäýõ³³í õýñýã íü ò³³âðèéí êâàíòèë áàéõààð òàðõàëòûí
ãðàôèê çóðãèéã çóðíà. Îäîî ò³³âðèéã åðäèéí òàðõàëòààð òîäîðõîéëæ áîëîõîîð áîë öýã øóëóóí øóãà-
ìûí ýðãýí òîéðîíä áàéðëàíà. Íýìæ äóðäàõàä áèä òýð øóãàìûã íýãòýé òýíö³³ íàëóóãààð çóðæ áîëíî.
Òà þó ãýìýýð áàéíà? Áèäíèé ò³³âýð õýâèéí õàðàãäàæ áàéíà óó?

7 Summary
• Data coding and formatting
• Numerical statistics:

– scale/ spread:
∗ variance/ precision (parameter)
∗ standard deviation used as data summary

– location:
∗ mean (parameter and data summary)
∗ median (data summary, more stable, less susceptible to extrem values)
∗ mode (property of a distribution)

– measures of distribution: quantiles/ percentiles/ quartiles
• Probability distribution:
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– probability mass distribtuion: discrete variables
– probability density distribtuion: continuous distribution
– properties of pmfs/ pdfs:

∗ total area/ integral over domain:
∫∞
−∞ p (x) dx = 1

∗ pdfs: P (x = a) = 0
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